
o

4

2z

w

NATIONALADVISORYCOMMITTEE
FORAERONAUTICS

TECHNICAL NOTE 3694

METHOD FOR CALCULATING THE AERODYNAMIC LOADING ON

OSCILLATING FINITEWING INSUBSONIC AND SONIC FLOW

By HarryL.RunyanandDonaldS.Woolston

LangleyAeronauticalLalmratory
Qey I?leld,Va.

Wash@ton
August1956

--- >

.,. - . . ... . ----- . . . . . . . . . . . . . . . .. . . . . . ... . . . . . . ..— —-———



[tCHLIBWYKJFB,NM

D

(-

NA!rIw AIYhmYccMMITmE liunlllMllllll
FORAERONAUTICS llDLb3b9

!mcm%mALmII!E36%

METHODFORCAIL!UL4TINGTEEAERODYNAMICLOADINGONAN

0SC~GbW12EWING~SUBWNIC ANDSONICFLOW

S.Woolston

Thispaperpresentsa methodfordetermbxbgtheah forceson an
oscillatingfinitew5ngof generalplanforminsubsonicflowticlud~
thelimitingcaseof sonicflow. Themethodutilizessomeoftheconcepts
developedbyFalher (BritishR.& M. No.1910)forsteadyliftlng+nrface
theory.Theloadingonthewingisassumedtobe givenby a seriescon-
tainingunknowncoefficientswhichsatisfiesvariousboundaryconditions
attheedges.Therequtiedintegrationsareperformedby ap~oximate
means,anda setof stiultaneousequationsintermsofthecoefficients
intheloadhgseriesisobtained.Solutionofthissetof eqyations
thengivestheloadingcoefficients.Themethcdisappliedtorectangular
anddeltatigs andcomparismismadewithexistingtheory.A ssmple
calculationisgiveninanappendix.

INTRODUX?ION

Theanalytical.determinationoftheairforcesonoscillatingwings
hasbeena contirudngproblemforover30years.Mostoftheefforthas
beendirectedtowardthedeterminationoftheforcesontigs intwo-
dimensionalflow,andresultshavebeenobtainaifora completerangeof
Machnumbers,bothsubsonicandsupersonic.Forfinitewings,howevm,
theanalyticalworkisstillh a stateofdevelopmentforallspeed
ranges.!hemainefforthasbeendirectedtowardtheincompressible
case(forexsmple,refs.1 to 8)andthesupersonic.fie~(refs.9 to 14)
leavingan importantareavirtuallyuntouchd,namely,thesubsonicrange
ofMachnumbersbetweenO and1. Amongthefewstudiesthathavebeen
madeinthisrangeofMachnumbershavebeenthoseofMerbtandLsmdahl.
(ref.15),whoextendedsomeoftheworkatverylowaspectratioto
includetheeffectofMachnmnber,andwe workofVoss,Zartarian,and
HSU (ref.16). Jhaddition,Reissner(ref.17)madea preliminary
assessmentoftheuseofMathieufunctionsforsubsoniccompressibleflow,
andW. P. Jones(ref.18)sadlkhrism(ref.19)studiedthecasesfor
largeraspectratios.Thepresentpaperdealswithsomerecentefforts
whichhavebeenmadetowardfillingthisgap,namelythedevelopmentof
a wing-smfacetheoryforsubsonicsndsonicflow.

—. -—— . . ——— —— —-—
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Ihthestationarytwo-dtiensionalcase,theeffectsofcompressi-
bilitymsyreadilybe obtabd fromresultsof incompressibletheoryby
applicationof simpletransformationorcorrectionfactorssuchasthe
well-lmownPrandtl-Glauertfactor.Inthestationarythree-dtiensional
case,theeffectofcompressibilitymaybe treatedasan extensionof
thetwo-dtiensional~ocedureina simplemannerasproposedbyG6thert
(ref.20). b a furtherextensionfortheoscillatingcompressiblecase,
Miles(ref.21)hasproposeda methodinvolvingseversltmmsforma.tion
stepsforcorrectingtheresultsof incompressibletheoryto includethe
effectsofcompressibilityfor.afhitewing. Themethodis,however,
restrictedto lowvaluesofthereducedfrequency.Itthereforeappears
to benecessarytodealwiththeboundary-valueproblemdtiectlyh order
toprovidea methodof generalapplicabilitywhichmaybe used,for
-le, h fltiterwork.

Thelinearizedbouudary-valueproblaufortheoscillatingfinite
wingina compressibleflowmaybe approachedfromtwopointsofview.
Oneapproachtivolvesthetrsnsfacmationofthegov=a differential
equationby a suitablechoiceofcoord~tesfollowedbytheuseofthe
classicalmethodof separationofvariables.Solutionsarethenfound
intermsof seriesoforthogonalfunctions.Thismethodwasusedby
SchadeandKrienes(ref.22)inobtainingsolutionsfortheoscillating
cticularplateandhasrecentlybeengeneralizedby Kuessner(ref.~). v

?

Ithasbeenpointedotithatthereisa definitelimittothenumberof
generalizedcoordinatesystemsappropriatetothewaveequationandto
thecorrespondingorthogonalfunctionsavailable.Themethodis,there- -
fore,Ubnitedto specializedplanformssuchasthecircularorthe “
ellipticplate.

Thesecondapproachtivolvesa directconsiderationoftheintegral
equationrelatingpressueanddo~mwash.Theintegralequationmaybe
derivedfromthestandpointof eithertheveloci~potentialorthe
accelerationpotential.Jnasmuchasoneisprimsrilytiterestedinthe
pressuresonthewingswface,itseemsmoredirectto usetheformof
theintegralequationassociat@withthepressure,namely,theacceler-
ationpotentialapproach;therefore,thisprocedureisusedinthe
presentpaper.

Basictothesolutionoftheintegralequationistheevaluation
of itskernel,a functionwhichrepresentsthedownwashata pointin
theplaneofthew5ngdueto a unitloading.onlyrecently(ref.24),
thekernelfunctionforoscillatingfinitewingsinsubsonicandsonic
flowhasbeenreducedto a formwhichcanbe convenientlyevaluated,
Thisbackgroundofavailableinformationonthekernelhasledtothe
considerationofnumericalapproachesforhandlingtheintegralequation
b thedevelopmentofgenerallifting-surfacemethcxiswhichcouldbe

u

usedforanyspeedrange.
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A similarintegralequationappearsin
tnvolvesa muchshplerkernelfunctionand
solutiohshavebeensuccessfullydeveloped.

3

thesteadycase,but
a numberofapproximate
b selectinganapwoxi-— — ——

matemethcdforhandltigthein.te~alequationintheoscillatorycase,
thevariousproceduresdevelopedforthesteadycasewereex-ed. h
consideringtheseprocedmes,itwaskeptinmindthata lifting-surface
theorywhichistobe usedforfluttercalculationsmustmeetcertain
requirementsbeyondthoseuwalIlyconsideredinthesteadycase. One
essentialrequirementisthatnotonlytheUf’tbtialsothemomentmust
be accurately~edicted.Ihseveralofthemethdsnowbeingusedfor
thestesdycase,thewingisessentiallyreplacedby a singleltieat
thelfi-chordposition.Thisplacementessentiallyfixesthecenterof
pressureatthelfichord,andthusthemomentisconstrainedtobecome
a functiononlyoftheliftforce.?hthecaseofana~lane ofnormal
configurationwitha tailplaceda considerabledistancefromthewing,
thecontributionofthewingpitchingmcauentisverysmallcomparedwith
thepitchingmomentdueto thetail. However,fortaillessconfigurations
andforaeroelasticproblemssuchasflutter,themomentonthewingis
ofpredominantimportanceandmustbe accwatelypredicted.

Ihadditiontothepreviouslymentionedrequirementofpredicting
themoment,themethodshouldbe easilyadaptabletothecalculationof’
theloadingonoscillatingflexiblewingsand,h sddition,shouldtske
intoaccounttheeffectsof compressibility.Itappearedthat,among
othms,a methoddevelopedforthesteadyincompressiblecaseby FalXner
(ref.25)couldbe extendedto includethes,erequirementsandthismethcd
wasselect~as thebasisforthepresentinvestig&t_ion.

Amongothermethodsconsideredwasa multiple-ltieapproachsuggested
bytheprocedueofSchlichtingandKahlert(ref.26)forthecaseof
steadyflow. Theprocedureisthoughttobe of interesth thatit indi-
catesa simpleralternativemeansofhandlingtheltiting-smfaceproblems.
An extensionofthismethcdto theoscillatorycaseisalsomadeinthe
presentinvestigation.

Theprimaryaimofthe~esentinvestigationhasbeenthedevelop-
mentofa lifting-surfacemethodforcalculatingtheforceson a mhg of
W Pw formtiichisharmonicallyoscillatingina subsonicor sonic
flow. ThemethodusessomeoftheconceptsofFaUmerinan extension
tothecompressibleoscillatingcase.Fbst, a briefdescriptionofthe
basicintegral.ecywtionandsomeofthepossiblemeansof solutionare
given.Then,thebasictheoryofthemethcdisgivenindetailinthe
bodyofthereport,andtheresultsof somecalculationsareshownfor
rectangularanddeltawings.h appendixA, thenmnericaldetailsof
calculatingtheforcesona rectangularwingaregivenasan exsmple.
InappendixB, a treatmentisgivenforcertainintegralswhichsrise
inthemethodandwhichcontainsingulsritjes.InappendixC theexpres-
sionforthepitchingmomentfora deltawingisobtained.Finally,in
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.
appendixD, a descriptionandsomeresultsofapplyinga multiple-line
a~oach, basedona procedureusedby SchlictingandKhhlertforsteady
flow,aregiven.

mm

A

a

am

b

CL,q

%&q ‘

c

F(M)= - ~

aspectratio

axisofrotation
ofhalf-chord,

measuredfrommidchaiiinterms
positiveaft

coefficientsinexpressionforloading

half-chadjft

liftcoefficientassociatedwitha degreeof
freedomq

momentcoefficientassociatedwitha degreeof
freedomq

chord,ft

nondtiional.duwrmshfactordefinedbyequation(29)

chordwiseloadingfunction

%JN

fq(i)

G(M)= ~

Gvo’Gvn chordwisereplacementloads

qJd,qJld spanwiseloadingfunctions “

K(M,Z) kerneloftwo—dimensionalintegralequation,

~(M,Z)=
Jl 1mK14,;(x-E),;(Y-7)CW
-m

—— ——..—. ——-. —
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~ nofiimensionalthree-dimensionalkerneldefinedby
equation(29)

k reduced-frequencyparameterbasedonhalf-chord,bin/Q
●

E reduced-frequencyparametmbasedon e, ~=y

‘~ totalliftonwing,associatedwitha degee offreedom~
lb

z referencelength

M Machnumber

Ma momentabotia,associatedwitha de~ee offreedom~
ZL

ft-lb

n,m,j titegers

RI = J(X - ~)2i-@2(y+ 1)2

R2 = <(X - ~)2+ ~2(y- 1)2

s

s

t

v

‘(xJyjt)

X,y,z,k,q

Xg

xo =(x-~)

xv choxdwisecoordinateforreplacementloads

sma of* surface

Semispanofwing,ft

time

streamveloci~

verticalinducedvelocity

rectangularcoordinates

control-pointlocation

ordownwash

Y~ distancefromcontrolpointto centerof segment

.— —. ..—
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1>
Y~ =Y-ti

Y’L>Y’R distancesfroma contiolpointtomidpofitsofloadseets
b

located,respectively,totheleftandrightofthewiug
midspan,referredto e

H+@) ‘r ‘(%3- xv)
a generalizedcoordinateofsmangulardisplacement

~.J~
vorticitydistribution

loadingfunctiondefinedby eqmtion(26)

pressuredifference

thicknessratio

semispanof spantiseloadse~ent,s/20,ft

angularchordwisecoordinate,x = -COS6

variableof integration

airdensi~

~ spanwisecoordinate,q = -COS@

phaseanglebetweenUft ormomentandposition

circularfrequency,radians/see

Subscript:

q denotesa degee offreedom

DISCUSSIONOFINTEGRALEQUATIONANDMETEODSOF SOLUTION

Thedeterminationoftheaerodynamicforcesonanoscillatingtig
isa ~oblemwhich,ingeneral,mustbehandledby approximateor iter-
ativeprocedures.Inthetwo-dimensionalcaseoneapproachtothe

—— —
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problemhasbeenthetransfoz?nationofthegovern~ differemtisllequa-
tionanditsassociatedboundaryconditionsto an integralequationfor
whichapproximatesolutionscanbe found.It isinterestingtonote
thatforthistwo-dimensionalcase,an iterativesolutionbasedonthe
integral-equationapproachprecededa moreexactsolutionbasedona
seriesofMathieufunctionsby abouttenyesrs.~

h thecaseofwingsoffinitespsm,a transformations~lar to
*hatmadeh thetwo-dimensionalcaseandleadingto sm integr~equa-
tioncsmbemade. Theinte~alequationmaybe derivedonthebasis
oftheveloci~potentialorOrithebasisoftheaccelerationpotential.
Theadvantageoftheuseoftheaccelerationpotentialrestsinthefact
thatthetrailingstiaceofdiscontinui~isnotexplicitlyintroduced
intotheproblemandtheintegralequationrelatesdirectlythedownwash
sadthepressured~erence onthewing. Thedisadvantageoftheaccel-
erationpotentialascomparedwiththevelocity-potential.approachlies
intheappearanceofa morecomplicatedkernelofthetite~alequation.

IhtegralEquation

Forcompressibleflow,theintegralequationasderivedonthe
basisoftheaccelerationpotentialandgiven,forexsmple,h refer-
ence24maybewrittenas

where
~ isthe

onthe
ofthe
tothe

(1)

w istheknownverticalinducedvelocityordownwash,Ap(~,q)
loadingorpressureclifference(positiveupward)ata point(~,7)
wingsurface,V isthestresmveloci~,and K isthekernel
integralequation.Thepressmeclifference@ (~,~) isrelated
boundvorticitythroughtheequation

sothatequation(1)is
2r(g,q)
—. Thefunction
v

,thedownwashat a field

Ap(~,q)= p~(~,~)

@(~,q)sometimeswrittenwith q replacedby

K represents,physically,thecontribtiionto

petit
unitpressureclifference-at a
planeofthewing.

(x,Y)intheplaneofthewingdueto a
loadtigpoint(~,q) alsolocatedtithe

— —
—— ..—
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ThekernelK isdiscussedh reference24andappearsoriginally
inan integralformas

(2)
where o isthecircularfrequencyoftheoscillat.mw3ng.

i%theformgivenby eqyation(2),thekernelfunctionappearsas
an hnproperintegralwhosecompleteinte~ationinclosedformhasnot
beenaccomplished.Thekernelfunctionhasbeenextensively@eatedh
reference24,however,andhasbeenreducedto a formwhichcanbe eval-
uated. ThereducedformofthekernelgiveninreferenceL?4contains
BesselandStruvefunctionsandpropernonsingularintegralswhichcan
behsadledby numericalmeans.Thekernelcontainssingularitiesat
Y -q=o anax - ~ >0, butthesesingularitieshavebeenisolated
andexpressedina formwhichcanbehsndledinnumericsl~ocedures.
Alsogiveninreference24 isan expansionofthekernelintoa series
inpowersofthereducedfrequency,whichforthe~esenttimeserves 9
asthemostpracticalformforapplicationofthekernel.

Thesolutionof equation(1)requiresa determhationoftheunknown L

loadingdistributionAp(~,q) subjectto knownboundsryconditions.Ih
viewofthecomplicatednatureofthekernel,sn exactanalyticalsolution
of equation(1)doesnotseempossible.Itappearsnecessary,therefcn?e,
to considersomenumericalmeth~ of solutionandseveral.possibleapprox-
imatemethodsarediscussedinthenextsection.

SomeApproxhwteFYocedmes

Ih searchm foranapproxhatemeansofhandlingtheintegral
equation,twoapproachesseemlikely,oneinvolving~ approximation
forthekernelandtheotheranapproximationfortheloading.Thefirst
ofthesewouldtivolvea replacementofthecomplicat~kernelfunction
by a simplerfunctionwhichbehavesh a similarmanner(withregsz’dto
singularities,andsoforth)butwithwhichtheintegralequationcould
be invertedandsolvedanalyticallyforthewnknownloading.Sucha
procedurehasbeenusedbyFettis(ref.27)forthetwo-dtiensional,
subsonic,oscillatorycaseand,tipart,by Lawrence(ref.28)forthe
finitewingsinincompressiblesteadyflowandbyLawrenceandGerb=
(ref.29)foroscillatingfinitewingsinincompressibleflow. The *
applicationof sucha procedureto thecaseofcompressibleflowwould
be quitedifficult,butisperhapsworthyoffurtherconsideration. fJ

.—-. —. ——. .———. —- —-—.. —.———.
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A secondpossibleapproachinvolvesleavingthekernelunchanged
andselectinganappropriateexpressionfortheloadhgwhichleaves
onlycertainunknowncoefficientstobe determined.By sucha procedure
theintegmlequationcanbereducedto a sumofdefiniteintegralsand
theunlmownconstantscanbe determimdby collocation,thatis,by
forcingthesolutiontofittheknowndownwashconditionsata number
ofpointsonthesurface.Althoughdifficultiesariseh theintegra-
tionsbecauseof singularitiesinthekernelandtheloading,theycan
behandledinnumericalmethals.Variousformsofthis~ocedurehave
beenusedquitesuccessf@lyforoscillatingtwo-dtiensionalwingsand
forfinitewingsinsteadyflow.

A logicalextensionofthissecondapproach,thechoiceof a
replacawntfunctionfortheloading,tothethree-dtiensionalprobla .
wouldinvolvefindinga meansofhandl~ thedefjnitetite- which
wise. Itwouldseempossibletodividethewingintomanysmallmess
and,withanassumdlformoftheloadingoneacharea,integratenumer-.
icallyovereachareatofH thedownwashata pointonthesurface.
Sucha procedurewould,lead,however,to a systemof eqyationsh the
unlmownconstantsofatleasttheorderofthenumberof sreassothat
lengthycomputationswouldarisewhichwouldrequirecmqpuidngeqpipment
ofgreatcapacity. .;

Ihsearch- fora lesscumbersomemethod,it isnaturalto study
thepossibilityofutilizingsomeoftheconceptsofprocedureswhich
havealreadybeendevelopedforthecaseof steadyflow. Severalmethods
forsteadyflowseemadaptabletotheunsteadyproblem.Amongthoseto
be consideredaretheproceduresofFalkner(ref.25),Multho~(ref.30),
Weisstiger(ref.31),andSchlichtingandKbhlert(ref.26). A brief
discussionofthesemethodsinrelationtotheobjectivesofthepresent
investigationisgivensubsequently...

Themethodsdevelop~forthesteadycasebyFalherandbyMulthopp
representattemptsat U!?ting-stiaceprocedwesforhadlhg theWtefgal
equation.lhbothapproaches,the*own loadingisexpressedinterms
ofa seriesof chosenmodesofloadingwithunlmowncoefficientsto be
determin~by collocation.h bothmethods,also,thedoubleintegrations
sreperformednumericallyandleadto setsofdownwashfactors.It
appesrsthateithermethodcouldbe extendedto theunsteadycaseand
systematizedthroughthedevelopmentof suitabletablesofthedownwash
factors.Forthepurposeof extendingsuchprocedurestotheumsteady-
flowproblem,inthepresentinvestigation,theFslknerprocedurehas
beenconsideredpreferablesinceconsiderablyfewertabulationssxe
required.Thedevelopmentofa lifting-smfaceapproachbasedonthe
methcdofFallmeristhemainobjectiveofthispaper.An extension
ofthesteady-stateprocedmeofMulthopptotheoscillatorycasehas
beenperformedby Jordanandsomeresultsaregiveninreference32.

———— .. — — —
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1

ItshouldbenotedthatW. P. Jones[refs.2 and18)hasalso
treatedtheproblemofdeterminingtheaerodynamicforcesonwingsof
anyPlanformby usingsomeofFalher’sconcepts.Themethoddiffers

A’

fr& theonetobepresentedinthispaperandpursuesa differentnumer-
icalpathsinceintheJonesprocedurethebasictitegalequationwas
treatedonthebasisoftheconceptofthevelocitypotential.Theuse
oftheveloci~potentialresultsina doubleintegrationovertheentire
fieldofvelocitydisconttiui~,thatis,overthewinganditswake.
Theuseoftheaccelerationpotential,mployedinthispaper,hvolves
a doubleintegrationonlyovertheareaofpressurediscontinuity,that
is,overthewingsurfaceitself,sticenopressuredisconttiui~exists
h thewake.

Othersteady-stateproceduresmentionedpreviouslywerethoseof
SchlicliklngsndKkhlertandofWeissimger.Thesemethalsrepresent
lifting-ltieratherthanU5klmg-surfaceapproaches.IhtheWeissinger
methoda singleliftingltieisplacedatthel/4-chordpositiononthe
surfaceandtheknowndownwashissatisfiedatpointsonthe3fi-chord
position.TheSchlichtingprocedwemsks useof severalltitinglties.
Thesurfaceisdividedtitoa numb= of spsmrisestripsof equalchord.
A lift~ Me isplacedatthel/4-chord~sitionof eachstripandthe
downwashconditionsaresatisfiedatpointsonthe3/4-chordposition ~>
of eachstrip.Sincea lifting-lheproceduremightbe expectedto
involvelesslaborthana lifting-smfaceapproach,anattemptwasmade
inthepresentstudyto extendtheSchlichtingmethodtothecaseof 3
unsteadyflow. TheapplicationoftheSchlichtingapproachtothe
oscillatingcaseisdiscussedinappendixD.

h thefollow3ngtwosectionsthelifting-surfacemethcilofthe
presentpaperisdeveloped,firstforthecaseof subsonicflowand
thenforthelimitingcaseof M = 1.

DESCRIPTIONOFSURFACE-LOAIMMGMETHODFORSUBSONICFLOW

Thesolutionoftheintefpalequationforthecaseofanoscillatm .
three-dimensionalwinginvolvesa doubleintegrationovertheplanform
ofthewingas indicatedby equation(1):

W(x,y,t)
v 1‘+p’’)=v(x-’~(y(”-”“‘q

Ofthethreetndningredientsoftheproblem- thedownwash,thekernel,
andtheloading- whicharerelatedby thisequation,twocanbe considered7

.— — ————— -—— —
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~6 hOWU . The kernelfunctionK canbe evahat&lthroughtheuseof
theformsgivenh reference24. Thedownwashw(x,y,t) isdet&mined
bythemotionoftheairfoil.Thisleavesas
tion(1)thefunction4 (~,~),themagnitude
(~,7) Or thesurface.

StatementoftheI!OundaryConditims

theonljunknownin equa-
oftheloadingatpoints

fortheDownwash

Forlinearizedflow,thedownwashfunctionw(x,y,t) canbe deter-
minedfromthemotionofthemeansurfaceofthea~oil throughthe
relation

= Qf(x,y,t)+ v :W(XYYY+) ~ f(X,y,t) (3a)

where,forharmonicmotion,

f(x,y,t)= F(x,y)e
<.

sothat F(x,y) istheamplitudeofthedisplacementofthemeansurface
fromtheequilibriumposition.Oncean ap~opriatefunctionfor ~(x,Y)
ischosen,thedownwashisknownandtheloadingcanbe determinedfrom
equation(1).Fortheusualmodal@e offlutteranalysis,forexample,
~(x,y)couldbefoundfromtheasswnedvibrationmodesofthestructure.

Becausethebasicproblemofdetermin~theloadingfora given
downwashas expressedby equation(1)islinear,itisoftenconvenient
to considertheproblemseparatedintoa sm of hdividualproblems,
eachassociatedwitha particularselectedtypeofmotionordegreeof
freedomand,hence,witha particulardownwashfunction.Thisjmplies
thatthetotal.downwashcanbewrittenasa sumof individualdownwash
functions,so

W(x,y,t) =

=

thatequation(3a)appearsas

~+Y) 1-1-w2(x,y)-f-. . .+ Wq(x,y)em (3b)
L -1

whereWq(x,y)isthedownwashassociatedwiththeparticulardegreeof
freedom~q(x,y).Thebasicproblaofthispaperisthenthedetermina-
tionoftheloadingApq(5,~) associatedwithanyoneofthedownwash
factorsWq(xjy).

.

— ..- —. ._ — — ——— —— ——
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~ additionto thedownwashcoalitionssetby equations(3),the
loading@(~,q) mustsatis~variousconditionsattheedgesofthe
planform. W thechordwisedbection,forsubsonicflow,theloading
mustbe hffite attheleaUngedgesndvanish,inaccordancewiththe
IC@tacondition,atthebailingedge. Ihthespauwisedirection,the
loadingshouldbecomezeroatthewingtips.

Seriesexpressionforthe1- .-As a firststeph thedeter-
minationoftheunkmownloadhg,itis asswnedthatthefunction4( E,q)
canbe expressedintermsofa s=ies ofbothspamwisesndchadwise
pressweorload- modes,sochosenasto satisfytheedgeconditions
justdiscussedandcontainingarbitiarycoefficientstobe determined.
‘Thespsmisemodesareexpressed.h termsofthevmiable TI.It is
convenientto expressthechordwisepressuremmlesintermsofanoften
usedvariablee,relatedto ~ andbasedonthecticulsrcylinder
envelup~ eachchordasdiameterandshownby thefol.lanlngsketchand
inthefollowingeqution:

1vI

(4)

h termsofthevariables(3ml q,theloadingassociatedwith
a particulardownwash distributionWq(x,y)maybe expressdinterms
ofthesummationofpressuremodessndwrittenas

-t

0“

.

. . ——-— ————
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(5.)

wherethesuperscriptq identifiesa particulardownwash.

Theseriesformoftheloadinggivenby equation(5a)satisfies
theICuttacondition(4 = O atthetrailingedge)andhasthedesired

typeof singulariwl/{x where x ismeasuredfromtheleadingedge.
Thetermsh T me of sucha formasti causeAp(~,q) tobecomezero
withinfiniteslopeatthewingtips. Theuseofthisseriesformfor
4?(~,q) meansthepressuredistiibtiionisessentiallySynijhesized-by
a seriesof chosenpres~uremalesandthatthevaluesof am determine
thecontribtiionofeachpresswemodetothefinalpressmedistribution.

Equation(5a)canbeTw_itteninmoreconciseform,as

r %mfn(E)%(n)
m.()

(m)

where

(Forsymmetrical.motionsd a wing, Wq(x,Y)+ Wq(x,-Y),tiem
termsin q neednotberetatiel.“Forunsymmetricalmotioni3,
Wq(x,y)= -wq(x,-y),theeven-poweredtermsin q do nothavetobe
retained.Inthenumericalexsmplestobe givenina latersection, .
symnetiicmotionsareconsidmed.)
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Ulustratiwexpressionsfortheforcesadmoment.- Thespecific
problemisthedeterndnationofthecoefficients~ inequation(5a)
or (~) ad, aahasbeenMicated,a particularsetofvaluesfor am *

mustbe foundforeachdownwashWq(x,y).Oncea setofvaluesfor ~
hasbeendetermtied,a particularloading4q(5,q) isdefinedbyequa-
tion(>a)or (>b).!I!hisexpressionfor 4q(~,q) givesthepressure
distributionandcanbe titegratedto obtativsriousdesiredsection
forcesortotalforces.For_exsnrple,totalliftandmomentcoefficients
associatedwiththemotion~q(x,y)canbe foundthroughtherelations

(7a)

(n) n

‘.,

wherethemomentisobtainedabouta spanwisesxis ~ = a.

~ substittiingequation(5a)intoequation(7a)thefollowing
resultforthe1~ coefficientisobtainedwhichisvalidforany
planform:

(8)

ECheexpressionforthemomentabouttheaxisconsideredmustbe
determinedforeachparticularplanform. Themomentcoefficientwill
takeona formshil.srto equation(8)butwithconstantsdetermined
by theplan-formgeome~. Fora rectangularwfng,forexsmple,the
momentcoefficientformomentaboutthemidchord(a= O) is

(9)

The
isgiven

equationforthemmnentcoefficientfora delta-wingplanform
tiappendixC.

—
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Replacementofthetite~alEquation

15

by a Summation

ofDefinite~tegrals

therestoftheemalysis,itwillbe convenienttodealwitha
downwashw(x,y)andtodropthesubscriptandsuperscriptq.

131orderto evaluatethecoefficients~ fora particulardoah -
wq(xjy)jthefirststepinvolvesthesubstitutionoftheloadingseries
(eq.(5a))intotheintegralequation(eq.(1))to give

a,,? 12+“““)+““IKK(X-’)$Y-V)“ ‘“ (lo)

or iftheformfor 4(~,q) givenby equation(5b)isused,thefollotig
istrue:

W(x,y)
v (U)

A significantsteptowardthedesiredsolutionoftheintegral
equationhasnowbeenarrivedatbecauseequation(10)or (U.) isno
longersm integralequation,thatis,anunknownqlmnti~no longer
appesrsunderan integralsign. Instead,thedownwashw(x,y)isnow
givenby a
ConstEults

summationofdefiniteintegalsmultipliedbyv~iousunlmown
%“ Theseinte~alsareoftheform

—..————.— ——-—. .. . .. —— — —..—. .. —..— .—
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Thenumericalevaluationoftheseintegralsissa bportmt part
ofthelaborofthepresentmethcd,foroncetheirvalueshavebeen
calculat~,onecanproceedimmediatelytothedeterminationof ~
snd,therefwe,to thedeterminationofthepressuredistribution.In
themethcdunderconsideration,thereined titegrationsareperformed
numerically.Becausethechordwiseandspanwi.seintegrationssme
tieateddifferently,theyarediscussedseparatelyinthen- two
sections,thechordwiseintegrationbeingdiscussedfirst.

TreatmentoftheIntegrationh theChordwiseDirection

Forthepurposeofperformingthechordwiseintegrationitis
convenienttoreplacetherightsideoftheintegralequationby a sum
of separateintegrals,eachinvolwinga particularchordwisepressure
modeandinwhichthespanwise(q)andchordwise(~)integrationsare
sepm?ated.Forthispurposeequation(U_)msybewrittenas

where
.

(14a)

(14b)

Remarksonmethcdsofperformhg thechordwlseintegrations.- One
couldatthispointevaluatethetitegrandsof ~ and ~ at small
Mxrvals of ~ smdintegrateby numerical.means.~s procedwewould
bedifficultandtedious,however,sincethekernelcontainssingularities
andinvolvesa largenumberofpsmmetersmilsticetheintegrationswould
havetobe carriedotiformsmyvaluesof q. 1%isdesirableto seeka ,,
simpler,butmoreapproximate,a~oach whichwouldbe lesslhborious.

-—
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Ihthepresentanalysis,
erence25 (anddiscussedmore

anapproachdevelopedby Falknertiref-
fulllyinref.33)fortheste@ycaseis

usedwhichgreatlyreducesthesmountof labor;Ihessencei%isassmd
thatintheintegals ~ and ~, theloadingmcdes fo(E)=Cotg srld

fn(~)= s~ne canbe replacedby an arbitrsxybutsmallnumberof
replacementloadswhicharechoseninorderto satisfysomeintegrated
propertiesofthecontinuousloading.Theuseofthisassmnptionwill
resultinthetitegrals~ and ~ appearingfinallyas summations
intheformsgivenbyeqpations(20a)and (20b).

Theuseofa setof individual.loadsinperfomingthechordwise
integrationsandtheproceduresforevaluatingthemfntioduceapproxi-
mationswhich.mesomewhatarbitrsry.!Iheseapproximationsandtheir
implicationswillbedisc~sedlaterastheyarise.~ey correspond
totheassumptionsmadeby FaUnerandhavebeenusedinthepresent
investigationforpracticalreasons.Withhigh-speedcomputingequipment
available,someoftheapproximationsinthedevelopmentwhichfollows
mightbe avoided.Itcanbe statedzhowever,that,inthecasesconsid-
ered,theendresultsseemtobe satisfactory.

Calculationofthereplacementlosds.- Ihcalculatingthevaluesof
thereplacementloads,it isfirstrequtiedthatthesumoftheindividual
loadsassociatedwitha particularchordwise~esswe modemustequalthe
integratedvalueofthecontinuouschordwiseloading.Ef-thecontinuous
distributionisreplacedby j replacementloadsand ~. and ~n
denoteloadsassociated,respectively,withthemodes cot9/2 Snd
sinne,thisequivalentloadconditionleadstothefollowingsetof
equations:

(15a)

* .m .Jfisinnestied~=~
1

(n= 1)
V=l o

.._ —_—___.. ___ ___ —— —
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Theuseof equations(15)imposesoneconditiononthereplacement
loads G. However,equations(15)contain
least j - 1 additionalequationsinterms
presentmethodtheadditionalequationsare
downwashprducedat selectedpointsonthe
to eqxalthedownwashduetothecontinuous
Wposingthisconditionthetwo-dimensional

j unknowns;therefore,at
of G areneeded.h the
obtainedby reqpiringthe
chordby theMividualloads
loaddistribution.ti
kernelfunctionK isused

titeadofthemorecomplicatedthree-dimensionaldownwash factordefined
by equation(2). !llherelationbetweenthetwo-sndthree-dimensional
kernelfunctionsisgivenby thefollowingequation:

[
where k M,$(x+~ isthetwo-dimensionalkernel.

me useofthetwo—dimensionaldownwashfactoratthispointis
an intermediatestepusedonlyforevaluatingG. Ensatisfyingthe
actualdownwashonthewinginthenextsectionthecalculatedreplace-
mentloadssreusedwiththethree-dimensionalkernelfunction.Kl!b3.s ,J
titermediateuseofthetwo-dimensionaldownwash factorimpliesthat
theareascloseto a petitcontributethemajorportionofthedownwash
atthepoint.

The j-1
select- j - 1
m Xg atwhich
to thatprduced

Sd.ditionaleqpationsh termsof G csmbewrittenby
positions,orcontrolpoints,onthewingchorddenoted
to equatethedownwashprducedby theindividualloads
by thecontinuousloading.AlthoughtheUYt cotiitions

(eqs.(15))didnotrequireanyassumptionregsrdingthelocationofthe
replacementloads,forthepurposeof employingthedownwashcondition
suchsmassumptionisnecessary.b selectingthislocationaninter-
pretationofthemeanhgofthereplacementloadsG tisomewhatarbi-
txsxy.!l!hereplacement’loads G canbe consideredasloadsdistribtied
overa certatiportionofthe~ chord,ortheymaybe consideredas
concentratedloadsoperatingatparticularpointsonthechord.Ifthe
conceptofa loaddistributedoveranareaist@en, thenthedistance
tothedownwashpointisphysica2Zyidentifiableas someaveragedistance,
whichforthisparticularcsseismeasurdfromthecenteroftheload
mea. ~ theconceptoftheconcentratedloadisused,thenthedistance
ismeasuredfromthepointofapplicationoftheload. Iheithercase,
a referencepoint xv isselectedasthepointof applicationofthe
load G sothatthedistancetothedownwashpetitbecomes‘g - %“
Thisdistanceisthenusedindevelopingthe j - 1 downwashequations “
forthedet~tion of G.
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Forthe cot6/2 termoftheloadingseries,thedownwashequations
are

and,fortheloadingsinne,thedo~mwashequationsbeccme

sin ne sti

whereonesuchequationisobt~tiedforeach

‘f3selected.Thefunctions~ and Q5
defjnedasfollows:

‘i? =~(M,~)
Eula.

(16a)

(16b)

control-pointlocation
in equations(16)are

andrepresentthetwo-dimensionaldownwashfactortabulatedby Schwsrz
(ref.~). Ihthesefunctions~ = k(xg- xv) and Z~ = k(xg- ~)

where k=~ sndwherea semichordb hasbeenchosenforconvenience
v

asa referencelength.

Itshouldbenotedthattheintegrandsh equations(16a)and (16b)
becomeimfiniteat 3 . x andtheintegralsmustbe carefullytreated.
!l?hemethodofhadklngtheseintegwl.sisgiveninappenlixB.

Otherconditionswhichwouldnotbringinconsiderationofthetwo-
dimensionalkernelcouldpresumablybe usedfordeterminingvaluesof G.
Forexqple,h placeofusingthedownwashconditions,j - 1 additional
equationscouldbewrittenfor=ch chordtiset- oftheloadingseries
inwhichtheftistandhigh= (throughj - 1)mcmentsofeachload G
couldbe equatedtothecorresponrttagmomentsproducedby thecontinuous
loading.By sucha process,howevm,theloadsG wouldnotbe a fumc-
tionofeitherfrequencyofoscillationorofMachnumber.Throughthe
useofthedownwashconditions,someeffectsofbothfrequencyandMach
numberme includedatthisintermediatestage.

— —— —–—
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* “
Illustrativeequationsfortheloadingfunctions.-~ applyingthe

methcdofthispaper,threechordwisepressmemodeshavebeenretained.
Thecontinuousdistributionineachmodehas,beenreplacedby fom
individu&lreplacementloads.

Jnorderto evaluatethereplacementloads,theleadestablish~
inthestesdycasewithregardto locationsofconbolpointsandloads
hasbeenfollowed.me loadssxeassumedto actatthe~/8-,3/8-,5/8-,
and7/8-chordpositions,andthedownwashconditionsarea~liedat
contmolpointsmidwaybetweentheloadstations,thatisatthe1A-,
1/2-,smd3~-chordpositions.Replacementloadsbasedonthesechord-
wisepositionshavebeencalculatedfa M = O,0.5,and1.0 andare
presentedintableI.

Onesetofreplacementloadsmustbe determinedforeachchordwise
pressuremode. Forthetie involvingcote/2,thevaluesof ~
aredeterminedfromthefollowingeqpations:

‘lo+’20+ G30

Gl&-I-G2&

Yc
i-%0 ‘J cot:sined(3=ti

o

+ G30%3+ %’%4 =~o’ cot; ‘b e % ‘e

‘&31 + ‘2&2

.V

(17’)

wherethefunctionsK usedheresmdinequations(18)and(19)are
deftiedafterequation(16b).

Thefirstoftheseeqyationsimposestheliftconditionsstatedby
equation(15a).l?heremainingequationsapplythedoynwashcoml.ition.
of equation(16a)ateachofthreecontrolpoints;thesecondequation
forexsmple,statesthatatcontrolpetit1 (at xg = xl ineq.(16a)~
thedownwashproducedby thefourlosiisat ~=1, xv+, xv=3j~

.
~~ mustequalthedownwashprcducedatcontiolpoint1 bythecon.
ttiuouscOte/2 IOEU3ing. A

.
—.. ~— —..—.— .—
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A similsxsetof equationscanbewrittenforeachchordwisepres-
suremodeby usingequations(1~) smd(16b).For sinO thesetof
equationsis

%%1 + G21%2+ %1%3 + %1%4 =r
sti2e~~ deI

o

mi for SiII 2e,

%2+%2+%2+%2=
f

stiesti2ede=o
o

(18)

1
G-@U + G@-~ + %>u + %%4 =

r
si31e SiII2e K..Ede

o > (19)

‘iStieSti2e~EdeG&+ G&+ G3&3+%&4=J

@l’Ga2+%%3+~~= ‘J’ J
Sh e SiII2e iijEde

o

Useofthereplacementloads G h thechordwlseinte~ation.- Once
thereplacementloadsG havebeendetermined,by solvingequations(17),
(18),and(19),continucmintegrations~icatd by equations(14)can
bereplacedby summationsoftheproductsoftheloads G andthethree-
dimnsionalkernelfunctionasfollows:

--- ... . . . . .—-— — — —
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a ~ (m. (14b)) becomes

[ 1In=& GvIIKM,;(=%J),:(Y-V)
V=l

NACATN36$4
#

(20a) ~

(20b)

wherethefactorb arisesthroughuseofthesubstittiion~ = -bcosEl.
?heffectthecontinuoustite~ationshavebeenrepresentedby the
replacementloadssmda meanvalueofthekernel.!Iheseexpressions

titoequation(1.3)asfollows:

leavhgonlythespsmtiseWtegrationtobeperformed.

Spanwisetitegration

Forthepurposeofdiscwsingthespanwise
maybe rewritteninsimplerformasfollows:

integration,equation(21)

where

(22)

(23a)

.—. -— — —.— .
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or

[
m~ (q) = 4P@ J- %0 (%0 + %17 + %2712,+ %,(%0 +

qr-l+wl’) +%4,0+%1- W%2,2+ ● . ●1 (23b)

Equation(23b)maybe seento‘correspond
theload- 4(E,q) givenby eqvation(~a).
ever,thecontinuouschordwise-losdingterms
beenreplacedbytheloadsGVO sad GVn.

to theoriginalformof
tie tiO~ (23),hOw-.

rcOte 2 - sin ne have

me integrationof equation(22)msybehandledby severalproce-
dures.A straightforwardnumericalintegrationcouldbeperfomedfor
eachvalueof xv by evaluatingthekernelK ata numberof spsmd.se
stations.However,thekernelK containssomed~icult singularities
whichhavetobe carefu12yconsidered.Moreover,h ordertomslsetables
ofthesetitegralsforgeneraluse,’tableswouldhavetobemadefor
everyaspectratio,sweepangle,Machnumber,andreducedfrequency.
Iuordertofacilitatethedevelopmentoftables,itisdesirableto
makeuseofa mean-valuetite~ationwhichinvolvesintegratingthe
kernelovera shortse~entofspanandusingthevalueof APV atthe
midpointofthesegment.KIZhismethodwasfollowedinthepresentsaal-
ysisd hasthe,advantagethattheintegralshavetobetabulatedonly
asfunctionsofMachnumberandreducedfrequency.

Thedownwash ata point(x)y)dueto a smallelementof spanof
length2E,thecenterofwhich

Aw(x,y)=
v

islocatedat ~ = ~ and q = yN,is

~ ‘V (YN)‘~N
—

E$’cq
(24)

where

(25.)

()andwhereAl?vyN referstothevalueof Al?vatthemidpointof
thespanelementoverwhichtheintegrationextends.

-.. ..— .- ..- ——— -——.——
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Theintegralgivenby equation(2~a)isofcentral.importancein
thepresentmethodandrepresentsa “downwashfactor”givingthedown-
washata petit(x)y)dueto a unitpressmeloadingactingovera span
elementof length26. Thevalueoftheinte~aldependsonlyonthe
relativedistanceoftheelementfromthepoint(x,y) andnotonthe
spsnwiselocationoftheelementonthewing. Forconvenienceofcal-
culation,therefore,itisdesirabletoperforma coordinatetransfor-
mationtothecenteroftheelement,sothattheintegralappearsasa
functionofdistancesfromthepoint(x,y).

Ihordertoperformthistransformation,let q: = q - yN inequa-
tion(25a)where q~ isa newspszmisevariable.Equation(25a)can
thenbewrittenas

(273)

where y‘ = y - Y~ andwherey’ and q! areshowninthefollowing
sketch:

.- .— ____ ._ —
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SelectionofReferenceLengths

Itisconvenientatthispointto choosecertainreferencelengths
inboththedownwashfactor~VN,definedby equation(25b),andinthe
loaiklngAPv(yN),definedby eqmtions(23).lhthecaseofthelosd~,
thewingsemispans ischosenasa convenientreferencelength.H a
newvariablew = Y~~ is introduced,theloadingAPv(yN) canbe
writtenas

(26)

where

andwherew ismeasuredtothemidpointofthespswisese-t.

b thecaseofthedownwashfactor~vN,thelengthe istaken
asa referencelength.me variablesx, xv, yt,and q1 arethen
consideredina newsensetomeannondimensional.quantitiesobtainedby
divid~_thedimensionaldistancesby thelengthe. l?hedownwash
f~tor FVN thenappearsas

where

!J!heuseof e aEa referencedistsaceintroducesa factor1 e2
inthekernel(eq.(2))asfollows: /

—. —. ,-
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Equation(~) cm beusedto deftiea
bywriting

nondimensionalkernelfunctionK

(28)

sothat ~ inequation(28)correspondstothequamtityinbracesin

Finally,a nondimensionaldownwashfactorFVN canbe deftiedas

(29)

FinalExpressionfortheIirtegralEqyation

Equations(26)and(29)cannowbe substittidintoequation(24)to
writea finalexpressionforcalculatingthedownwash ata point(xjy)
onthew3ng. Ifthedownwashdueto all.thespanele?qentsoverthe
wingissummed,thetotaldownwashbecomes

(3@)

—.
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Byusingtheexps.ndedformfor APV(~).givenby equation(26),the
totaldownwashcs.nbe

W(x,y)~.
nmv Y~

Theonlyunhwms inthisequationsrethecoefficients~. ~
selectinga numberofcontrol-pointlocations(x,y)atleastequalto
thenumberof ~’s desired,equation(30b)canbewrittenforeach
controlpetit.!l?huE,a setof simultaneousequationsisobtainedin
termsofthecoefficients~ whichcanthenbe calculated.

Thenext
factorsFVN

sectionisconcernedwiththecalculation
whichhavebeendefinedinequation(29).

DeterminationofDownwashFactorF

Thevalueofthedownwashfactor1?(eq.(29))for

ofthedownwash

theoscillatorY,
compressiblecaseisnotavailableintheliteraturesndconsequently
mustbederived.However,thekernelK hasbeendiscussedh detail
inreference22,inwhichseveralformsof K aregiven.Oneform,as
givenby equation(20)ofreference22,wouldrequirea numericalinte-
grationinorderto obtainF, sinceK csmnotbe integratedinclosed
fOrm. Anot@mformofthekernel.,sm expsmsionintermsofthefrequency
parsmeterk, isgivenby equation(~) ofreference22andistheform
employedinthepresentanalysis.b reference22,a discussionisgiven
oftheaccuracyofthefrequencyexpansion.Itisindicatedthatfor
moderatevaluesof ~ and M theseriesisquitegoodforsmall
distancesx - xv and y’ - ~’. As ~ andthedistsmcesincrea8e,
theseriesdeteriorates.Overallaccmacyisnotseriouslysffected,
however,sincethemajorcontributiontothedownwashata poin%is ‘
fromthenearbypotitsonthesurface.

Accordingly,theseriesisintegratedtermby termto obtainan
approxtitevaluefor F. Several.oftheintegralsare,however,
improper,duetotheexistenceof singularitiesintheintegrand,aud
theconceptoftheprincipalvalueorfinitepsrtmustbe utilized.
(See,forexsmple,ref.35fora discussionofthefinitepartof
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the primeson the we.ntltie6x’ and Y’ w the bez on the redumd-frewmcy parsmetm k. In
the followlm expressionti=efore, x y, d k will be couBfderedtodenotethedimensionless I
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(31)

where

where ~-x-xv is the distancefrm the Mne of integrationto a controlpoint,made nondimen-
sionalby dividhg by e, and is positivefor locationsof the controlpointbe~ the line of
tite~at ion. The distance y is alsonondimensionaJizedby G and 18 positiveto the right*
is measuredfromthe centerof the hrbe~ation se~ent as previouslydfscuasd. The reduced
frequency k must alsobe basedon the span seqent E and is accordingly

Gf comse the numberof spanwi.aesegnents M can be arbitrarilychosen. b general.,the more
segnentstakenthe more accuratethe result. FaUmer (ref.25) has used e = s/20 for most cases.
As an exemple,the layoutfor a rectangularwing as used h the numericalexampleh .appemdixA is
tiownin figure1.

5e next sectionof the paper is concernedwith tie applicationof the surface-l- methcd
to the mecial case M = 1.0,
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ME?I!HODFORMI%(C!l?IOW

Theproblanofcalculatingtheforcesforthelimitingcaseofa
wingwhichisoscillatingin sonicflowisingeneralthesameasfor
a wingat subsonicspeedswithtwoexceptions.First,forthecaseof
a sonictrailingedge,thatis,whenthetrailingedgeisperpendicular
totheflow,thesatisfactionoftheKuttacondition(@ = O attrailing
edge)isno longernecessaryandanotherformofthes~.iesexpsmion
fortheloadimg4 isapplicable.(Forthesubsonic-trailing-edge
case,i.e.,whenthetrailingedgeisnotperpendiculartotheflow,the
losdingserieswould,preswnabl.y,be ofthessmeformasalreadyshown
forthesubsoniccaseas givenineqs.(5).)El?heseconddiff~ence
betweenthesonicb subsoniccasesliesinthe ormofthekernelK,!whichisusedforthecalculationofthedownwashfactorF asdefined
h equation(27).l%emodificationofthekernelK to the”limitingcase
M= 1 hasbeenperfomedinreference24,buttheintegrationofthe
kernelwithrespecttothespanwisevariableq muststill.beperformed
andispresentedh anotherpartofthissection.

me presentmethodisbasedontheusualassumptionsof ltaearized
theoryandtheuseofthisapproximatetheorymaybe opento question.
However,fortheverytldnwingsnowbeingusedonatrcraft,itis
feltthatthefirst-ordereffectsasgivenby ltieartheoryconstitute
themajoreffectsforunseparatedflowandadequatesolutionswillbe
obtain~.1-

Is—meconditionswhichmustbemet’intheli.nesrizationofthe
governhgequationsintheneighborhoodof M = 1 havebeenpresented
byMiles(ref.36)andMollo-C!hristensen(ref.37). As statedbyMiles,
itisrequiredthattheconditions8, Mb, Kb, KMb<< 1 be satisfied
and,h ~ition, thatone

IM-11>>5 2/3

where b isthethickess
reducedfrequency,and A

ormoreof-thefollti conditionsbemet:

k>> 8213

ratio,M istheMach
istheaspectratio.

~>>~ l/3

number, k isthe
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Forthecaseofa sonictrailingedgetheformselectedforthe
loadingis

)+Wl+-wf+”””+

(32)

or

(33)

where

@-1)=Vm{s2-112
Thisseriescontainssomeaspectsofthesupersoniccaseaswell

asthesubsonic.Forinstance,as inthesupersoniccase,theloading
isnotzeroatthetrailingedge;whereas,as inthesubsoniccase,the
loadtigbecomesinfiniteattheleadingedge.

!llreatmmtof lhtegrationinChordtiseDtiection

Byfollowingtheschemeusedfor M <1, a setof simultaneous
equationsforthechordwisereplacementloadsisobtainedcorresponding
to equations(15)and(16).

Ihcalculatingthevaluesofthereplaaanentloads,it isconvenient
tochoosethesemichordat somespamisestationasa referencelmgth,
aswasdonefor M < 1,andtoperforma coordinatetransfomnationsuch

...—
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thattheoriginliesonthewingmidline.~
newchordwiseloadingfiction fn(~) canbe

sucha transformationa
deftiedas

nJ=
‘n(E)= (1+ E) 2 (n=0,1,2, .o

variablebasedon a
midltie.Ihtermsof
theloadingconditions

.)

where ~.isnowconsideredasa dimensionless
referencesemichotiandmeaswedfromthewtag
thisnewvariable~,theequationsexpressing
(correspondingto eqs.(15)-tnthesubsoniccase)appearas

(34)

andforthedownwashcondition(correspondingto eqs.(16)inthe I
subsoniccase)

.

(35) “

wherethefunctions‘~ and ~E desi~te

equation(B23)of
(B9).Unlikethe

andwe thetwo-dimensionalkernelasdefinedby
reference24 and givenIn appendixB by equation
two-dimensionalkernelforthesubsoniccase,thesefunctionsarenot
tabulatedfor M = 1 andhencemustbe calculated.

Inexpsndedformsndforthenthchordwise-loadingterm,thesetof
simultaneousequationsis

.

c

—
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Gi? -FG~-F
Inn 2n12

%3%+G~Ej2+

A setof shmil.taneouseqyationsasgiven
foreachvalueof n andsolvedforthe

by equation(36)mustbe formed
associatedvaluesof G.

As inthecaseof subsonicflow,theintegrsndsoftheintegralsof
equation(36)becomeimfiniteat E = xg. Theevaluationofthese
inte~alsisdiscussdinthelatterpartofappendixB.

At sonicconditions,a disturbancecannotbe propagatedupstream,
sothatthelaborof comptiingtheloadingfunctionsisreducedas
compsxedwiththecasefor M < 1 sincethedownwashfactorsdonothave
tobe determinedsndsummedforconditionswherethecontrolIotitis
upstresmoftheintegrationarea.,

As an example,iftheloadingfunctionsareassumedto actatthe
1/8-,3/8-,5]8=,and7/8-chordpositionssndthecontrolpointsare
locatedattlie1/4-,1/2-,and3/4-chordpositions, then

.

sincethetermsrepresentdownwashfactorsforcontrolpointsahead
oftheloadingstations.~us, thesetof equationsbecomestriangular
andcanbe solvedby successivesubstitutions.

TreatmenttiSpsnwiseDirection

Theintegrationinthespandirectioniscarriedoutinthesame
manneraswasdonefor M < 1,thatis,thewimgisdividedtitomany
smallsegments,and,withtheload 4 assmd tobe constantacross

—— ———––-.,,



the segent, the titegratlonis perform~. me kernelfor thiscase 1s givenby equations(47)in
reference24. However,itisnotPossibleto inte~te thisexpressionforthekernelinclosedfonu
sml,u wasdoneforthecasewhen M < 1,thekernelwaEexpsmd~inpowersofthefrequencyparam-
eter k ad lnte~atedtam bytam. me conceptofthewinclrd Partofa finiteintegralwas
used.Theform of the integratedseriesis givenin the followingequation:

iho
-—

2

[

k’= 20 ~-++~+=[(Y+l)3 -(Y -Uq -
yt’1 y % 24%

*ljY+l)%l)~-

1{d2(y+l)-2(y -1) +73%

$@-@Iy+Q,-~

[ 1

2X0
2(Y+l)3- (y-l) 310g —--

k

k4
—~y+l)7- (y-l)j + ‘5
2,-4 %%%> iy+l)’’-(~)~}+e”%$(+(~)+)+

‘A

[(

a

)(

~02 ~
$21- 7-s$ -1-logy 1

-Tv- )y+l - (y-1-l)log(y+ 1)2-1-(y- l)log(y- 1)2+
.
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1
)[

—-— ~(y+l)3-
+ 4X0 1

(y- lFJ -1-
4 -1 y+l

X04 1

6 ) ‘y

5+1)5 .(Y -1) +
-1)3]-6~2+z~-fi+

5%2

[
2 (y+ l)%og(y + 1)2 - (y - l)%og(y - 1)’ - ;(y + 1)3 +

(37’)
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wheretheparameters~, y, k,and y me identicalto those
egrployedinequation(31).

REMARKSPERTINENT~ TEESURFACE-LCMIU?GME’IHOD

Inprevioussectionsofthispapm, someoftheapprodmations
involvedh thepresentlifttig-surfacemethodhavebeendiscussed.It
hasbeenpointedoutthatcertatiarbitrsryfeatmesariseinperforming
thenumericalevaluationsoftheinte~als,particularlywithregsrdto
thechordwiseintegrations.Theassmnptionsthathavebeenmadeinthis
connectionincludethereplacementofthecontinuouschordwiseloadhg
by a numberof individualreplacementloads,theuseofthetwo- -
dhensionslkernelfunctioninevaluatingtheseloads,andthechoice
ofa setof loadstationsatwhichthereplacementloadsareassmnedto
act. ~ sddition,a setofcontrolpointsmustbe selecttiatWhiCh
thegoverningdownwashconditionsaretobe satisfied.Ihtheactual
applicationoftheprocedurethesefeaturesgiveriseto certainproblems
whicharediscussedinthefollowingparagraphs.

Control-PointandLoad-Stationlhcation

No attempthasbeenmadeinthispaperto determinethemostfavor-
ablelocationofthecontrolpointsortheoptinnunlocationforthesta-
tionsatwhichthereplacementloadsareasswnedto act. Forsucha
study,systematictablesofthedownwashfactoraredesirableandwhen
thesetablesbecomeavailable,itwillbemucheasierto evalktethis
aspectoftheproblem.b thepresentstudy,suchtableswerenotavail-
able,andthepositionsofthecontrolpotitsandthemeansof distribu-
tingtheloadingselectedwerethessmeashavebeenusedforthesteady
case. Itisfeltthat,at leastforthesimplerigidmodesconsidered
inthepresentstudy,thelocationafthecontrolpointsisnotcritical.
Formorecomplicatedmodesofdeformationotherlocationsandadditional
codtiolpointsmightbenecesssry.Thisquestionisworthyoffurther
study●

EffectofTaper 9

b thecalculationofthedistributionoftheloadingacrossthe
-b(J.)chord,itisnecesssryto selecta venueofthereducedfrequencyk = ~

tobe usedincalculatingthetwo-dtiensionaldownwashfactors
~~ ~the~*egalstieqwtions(16).

-~ ana
Fora taperedwing,theproblem

arisesastowhatspanpositiontouseto obtaina referencechordfor
calc~attigk.

——.. . . .. _____ .-———.—. —.-— .-



36 NACATN36~

.

h relationtothiseffectoftaper,asa pat ofthepresent
tivestigation,twoseparatecalculationsweremadeforthecaseofa
45°deltawing. h onecase,therootchordwasusedasthereference
chord,whereas,intheother,thechordatthemidsemispanwasused.
Itwasfoundthatthefinalresultsobtainedforthepressuredistribu-
tionsnd,consequently,fortheliftandmomentfromthetwocalculations
werealmostidentical.Onthebasisofthisonetestcase,itmaybe
inferredthatthelocationofthereferencechordisnotan,lmportant
factor.Ihtheranainderofthedelta-wingcalculationspresentedin
thisreport,thechordatmidsemispanwasused.

DISCUSSIONOFSOMEAPPLICATIONSOFTEEMI?ZHOD

Thissectionisconcernedwitha discussionoftheresultsofcal-
culationswhichwerebasedonthelift~-stiacemethoddiscussed.
Calculationshavebeenmadeforbothrect~ andtrismgulsrwings
andcomparisonsoftheresultshavebeenmsdewithexistingtheoretical
andexperimentalresultswherepassible.

.
RectangularWing

h ordertofurnisha basisforcomparisonofresultsofthemethdl ~
withexistingtheory,calculationshavebeenperform=at M = O fora
rectangularwing~th anaspectratioof 2 pitchingaboutthemidchord
forvariousvaluesofthereducedfrequencyk. llheresultsarecompsred
withtheresultsgivenby LawrenceandGerbw (ref.29)andareshown
plottedh figwe 2. Infigure2(a)themagnitudesme’plotted,andin
figwe 2(b)thecorrespmdingphaseanglesareplotted.Excellqntagree-
mentisobtainedforboththemagnitudeandthephaseangle.Although
boththepresentmethodandthemethd ofImrenceandGerberareapprox-
kte, thegocdagreementbetweentheresultspromotesa feeltigof
confidenceb bothmethods.Itshouldbe notedthatthetwomethds
me notsimilarandcontainenttielydifferentapproxhations.

To obtainscmeeffectsofMachnuder,calculationsweremadefor
thessmerectangularwfngwithaspectratioof2 pitchingaboutthe.
midchordfora range”ofMachnmb~s ata constmtvaltieof k = 0.22.
Resultsareshowninfigure3. Ihcludedinthefigurear”etheresults
oftwo-a.tiensionalcalculations. El?hemagnitudesoftheliftandmoment
aregiveninfigme 3(a)W thecorrespondbgphaseanglesaregiven
infi~e 3(b). Calculationsforthree-dimensionalflowupto and
ticludingM = 1 weremadeby theuseof’thestiace-loadingmethod.
Theresultsat supersonicspeedswereobtainedfromreference12. The

.

vsriationwithMachnumberforboththelfitsndmomentisapproxhnately
.
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thatwhichwouldbepredicted
M = 0.7. Ibththemmaentand

37

by useofthefactor 4- ~ ‘0
liftincreaseat M = 1 andthendrop

off againat supersonicspeed. Note thatthe two-dimensional.lift
coefficienthasthessmeshapefortherangeupto M = 0.7 andthat

A 1
applicationoftheaspect-ratiocorrectionfactor— = – wouldA+2 2
applyfairlywell.No suchsimplefactorexistsforthephasemgles,
anditwouldnotbepossibleto correcttwo+iimnsionalresultsfor
finitespaneffects.

Triangular wing

Figures4 smd5 presentresultsfora deltawingwithanaspect
ratioof4 oscillatingh pitchaboutthemidchord.b figg-me4 is
showntheliftandassociatedphaseanglesplottedagainstthereduced
frequencyk for M = O. Resultsofthepresentanalysisas shownby
thesolidlineandthoseofLawrenceandGerber(ref.29)as shownby
thedashedlineme comparedwithsomeexpertientalresults(Micated
by thecircles)obtainedby SumnerA. LeadbetterandShermanA. Clevenson
attheLangleyAeronauticallaboratory.Itisnoteworthythattheresults
ofthetwomethodsagreeratherwell,evenwithrespecttophaseangle.

Tnfigure5 a correspondingcomparisonforthemomentanditsassoc-
iatedphaseangle(forthessmewingandforthesameconditionsas ti
figure4) isshownplottedagainstthereducedfrequencyk. Resultsof
bothanalysesarein substantialagreementwithrespecttothemagnitude
ofthemoment.Withregsrdtothephaseangles,a significantdifference
betweentheresultsofthetwotheoriesoccurs,althoughboththeories
indicatethesametrend.me sourceofthedifferencecsmnotbe
explainedatthepresentthe andwill.havetoberesolvedby further
calculationsandexperiments.

ResultsofMultiple-LineMethod

Figure6 showsresfitsofcalculationsfora rectangdarwingwith
an aspectratioof2 at M = O basedonthemultiple-linemethod
describedinappendti.D. Resultsofthelinemethodapproachthoseof
theswface-loadingmethodwhena fairlylargenumberofliftinglines
andcontrolpointsareused. Theseresultsarediscussedmorefully
h appendixD.

.--—
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.
CONCLUDINGRmmcs

..

me purposeofthisTaperhasbeentopresentanddescribein
detaila methodforcalculathgtheloadingona wingofmy practical
planformwhichisoscillatingina subsonicor sonicstresm.me
methodispresentsiingeneralformsndsomeresultsof applicationare
discussed.A ssmplec~culationfora specificcaseispresentedh sm .
appendix.me methd maybe usedforcalcuhthgtheloadhgon elastic
wingsaswellas onrigidwings.Hs feat~emakesthemethodadaptable
tofltiercalculationssinceitispossibleto calculatetheload% for
thevariousmodesusuallyassmmlfora normal*e ofmodalflutter
Snalysis. Themethodcanalsobe appliedinprinciple,atleast,tothe
combtiedaerodynamicandstructuralprobleminwhichtheflutterchar-
acteristicsareobtaineddirectlybytheuseof structuralsmdaerody-
namicimfluencecoefficients.

me procedureusedisbasedon linearizedtheoryinwhichtheusual
asswuptionsoflinearizedflow,suchas smallthiclmessratioofthe
~, titiscidfh-da,sndsoforth;srenecesssxy.

Themethodhasbeenfoundto givegod agreementwithexisting
theoryandexperimentforlowsubsonicMachnunibersforbothrectangular ‘
@ tri~ wings.ResultsforhighsubsonicMachnumbersanda Mach
nuniberof1 fitinwellwiththeoreticalresultsforsupersonicflowbut
reqyirefurthervertiicationby comparisonwtthexperiment.

b additiontothepresentationoftheUfting-surfacemethod,a
multiple-lineapproachisticluded3nanappendix.Resultsofthelime
methodapproachthoseofthesurface-loadingmethodwhena fairlylsrge
numberoflift- linesandcontrolpointssreused.

Itisrealizedthatseveralvariantsoftheprocedmemaybemade
andmaybe desirableforrouttieor systematiccalculations,particularly
h viewoftheconstantlyticreastigcapabilitiesofautomaticcomputing
equipment.

Ia.ngleyAeronauticalLaboratory,
NationalAdvisoryCommitteeforAeronautics,

LangleyField,Va.,Msrch14,1956.

*
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ImfERIcALExAMeLEOF~L IFllNG-SURl?ACEMIWHOD

FORAREC~ WING

(A= 2;k = 0.22;M = 0.5)

As an illustrationofthecalculationprocedureofthelifting-
smfacemethod,thedetailsoftheproceduresrepresentedinthis
appendixfora rectangularwingwith A = 2 and k = 0.22,whichis
oscil.latingasa rigidwingaboutthemidchordlineina stmeamflow
of M = 0.5. Forthecaseof subsonicflowthemainequationto be
dealtwithisequation(30a)or (30b).Thestepsinperformingthe
calculationsareasfollows:

(1) The firststepintheprocessistodividethewingintoa
numberofsreasas shownh figure1,to selectthenumberandlocation
ofthecontrolpoints,and,consequently,todeterndnethenumberof
termsoftheloadingseries(eqs.(5))whicharetoberetained.For
thepresentcase,thewingwasdividedintofoureqyalchordwiseareas
forthecalculationofthedistributionoftheloadinthechorddirec-
tion.Forthespanwisetitegration,thewingwasdividedtito21 seg-
mentsofwhich19srese@nentsof span 2e andtwo (oneat eachtip)
areof span e. Thesemispane ofa segmentisthusequslto one-
twentieththe~ semispan.(tiallofthecalculationsthisquan-
tity e isusedasa nondimensionaliztigfactorsothatthefi wing
spanbecomes40units.Fora wingwith A = 2,asconsideredinthis
exsmple,thechordis,therefore20unitsandextendsfrom-10atthe
leadingedgeto 10atthetrailingedge.!lhereduced-frequencypsram-

eter k (basedonthehalf-chmd)intermsof e becomes<=~=y

andforthisexsmplek = 0.22 and ~ = 0.022.)

Ninecontrolpointslocatedatthe1/4-,1/2-,and3/4-chordposi-
tionssmdatthreespanstations~ = 0.2,0.5,and0.8 ofthe~
semispanwereselected.me selectionofntnecontrolpotitsdet~es
themintiumnumberoftermsoftheloadingseries.Therecanbemore
controlpointsthantermsoftheloadingseries;however,a methodof
leastsquareswouldhavetobe employedforthefinalsolution.

Ihthepresentexample,ninetermswereretainedintheloading
series.Threechordwiseterms,eachmodifiedbythreespanwiseterms,
wereusedsothattheseriescontainsniueunknowmcoefficients~ and
appearsas



I (Al)

I IX is OIIQ neceamry to considerthe eva powertermsIn q sincethe loedfigis assumedto be sym-
metricalin the spandirectionalmutthemidqpeaposition.

(2)me next stepconsists.orc~culatingthereplacementlmda G frcm equations(17’),(18),
and (19). For the presentcase,thereare three (n = O, 1, or 2) setsof four simultaneousequations
as followa:

J%+%l+q n+%” fn(k)w

(-2.8J~-o.b~)~ +(2.~~-0.4’769Ci)~h+(O.- -o.296701)03~+ (0.~l&l - O.~i)~ -
lfn(~)% M

I 1 (AZ!)

J(-1.17430-0.217E4M)% + (-2.83720- o.43cQ@h+ (’2.2SXKI-o.47EtW03n+ (o.W& -o.29@l& - fn(d~aM

1

,,

(-O.8EXXXI-ooo937i)Gb+ (-I.1’74x-0.21Tti)13ti+(-2.83xu-0.4w01E3~+(2.- -o.4~-)~4~-]%(% ~

The coefficientsof the replacementloads G are valuesof the two—dhensionalkernel & and

have beenobtdmd dtiectlyfromthe tableof reference31. TheMel ‘~ is a functionof M, and

Z. E(X. ~). Consideras an examplethe centerof smeaat 118clmrd(E= ~) anda cordmolpointat

()
1/’chord(x= -~), For E .0.02,, Z u (().()2’)-5+ ; c 0.055d for M = 0.5,thedownwaah

factor ~= E -2.83500- 0.’50Wi w be readfromthe tableof reference3’. Similarly,for the

()
30same values of ~ and M end for the centerof are. at 7/8chord ~ = — m theccmtiol~otitat
4

midchord(X = O),
()

Z=o.o’’ o-y = -0.165m, therefore,~p . o.= -296701.

5e inte- on the riglyb of equation(A’)are @ven .6 followsfor the threesetsof equations
correspmiingta n=0,1js&L2. (See append.h B for discussionof methodof tie~tj.on.)

-!=
o

r * ,
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.

For n = O, fo(E)‘cot ; smd

1’IIcot~stiede=tio 2

J’Ylcot; EIEstie de = -2.883%- 1.3k125i
o I

}

/’Ytcot~ ~~ stie de = -2.n5@ - 0.96137i

;5
cot: — stie de = -3.03074- o.57320i

o E. i

For n=l, fl(~)= stie a

J’31
sti2ede = :

0

fo
sin2e~~ de = 0.58912-0.63606i

‘J

Yl

o
sti2eZE de = -0.45095-o.67032i”

f
sti2e%E de . -1.48%7-0 .55366i

o 1

(A3)

(A4)

. ..__ -.-— ——. _ _ —— —-. —
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For n = 2, fz(~)=sil12e and

r
n
sil12estiede=cl

‘o

J’YcSti0’

JYt
sin

o

J3’C
sin

o

Thevaluesof
eqyationsformedby
equation(A2)are

Whenthevalues

26‘b e!Lg‘e=-.l.03fI132-0 .20631j

2estie~E de= -2.029~ + o.04145j

2e stie i$gde . -I_.028g2+ 0.2886u

(A5)

J

G ascomputedfromthethreesetsof simultsmeous
substitutingequations(A3), (A4),and(A5)into

qo = 1.721@-I-o.oo224i

’20= 0.73737- O.omoi
G30= 0.44052-o.oo484i
~. = 0.2kU16-r-0.o1389t

‘u = 0.30752+-o.02241i

G= = 0.47670+ o.oo582i
G31= 0.47702w 0.0W83i

% =

’12=
’22=
%2 =

%2 =

of G
appesringinequation(30a)
as

(A6)

0.50~6- O.O@+Oj.

0.45744+ o.ollo3i

0.23804- 0.olo55i
~.23~3

I

- o.olo~i
-0.45795+ o.olo24i

areobtatned.,theloadingfunctionAPV(p)

@ definedby equation(26)maybewritten
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3, or4 corresponding

ofthieequatio~shows

4

to the4 sreash thechord

thatcertdnproductsof

(AT)

where v = 1, 2,
direction.

Examination

%KF”F ‘e “ededo!I!heseproductscorrespondto theprOaucts

(#I@vn inequation(30b).Ithasbeenfoundconvenientto arremge

theseproductsina certatiformforlatercalculations.Thisformis
shownintableIIwherevaluesoftheproductsaregivenforthecomplete
systemofre@.acementloads.

(3)me downwashfactorsF mustnowbedetermined.~ese factors
maybe calculatedbytheuseof equation(31),whichwasusedforthis
example.Withtheadaptationofhigh-speedcomputingmachinesto the
problem,thekernelintheformofequation(20)ofreference24w be
numericallytitegratedwithout,perhaps,thefrequencyandMachnumber
restrictionoftheseries.Howeverdone,thedistancebetweenthecenters
ofsreassndthecontrolpotits,~ end y‘,mustftistbe det~ed.
Forthepresentcase,the y‘ distsacesforcontrolpoint1 andthe
ftistchordwiseareacorrespondingto g = 1,forexsmple,me

\

IJ o 0-l O*2 0=3 0“4 0“’3 0“6 0“7 o*8 0“9

y‘R 4 2 0 2 4 6 8 10 12 14
y~L - 6 8 10 12 14 16 18 20 22

Thedistancex = 2.5 isconstantsincethemtngisrectangular.

Sincethelosdingintheexsmpleissymmetricalaboutthemidspan,
theloadingfactorswhichmultiplyF iuequation(30b) arethessme
forequidistanceon eachsideofthemidspan.Therefore,thevalues
of F whicharelocatedatequaldistancesfromthemidspan~ be
computedandaddedbeforemultiplicationby theloading;consequently,
distancesy’R and y’L havebeengivenintheexamplewhwe y’R
refersto thedistsncefroma controlpointtothecentersofthesxeas
totheri@t ofthe-g midsp~a Y‘L refersto dis*ces to areas
to theleftofthemidspan.me finalformofthe F factorsisgiven
h tableIIIwhere,foreachentry,thetwovaluesof F for y‘R and

y ‘L havebeenadded.

. —– —. —



(!)The next stepLathemultiplicationof the loadingfmtors of tableII by the downwaBh
factors F of tableIII in accobce with equation(30b) whichresultsh a 9 by 9 malzixof complex s~

elements.This is tivenbY the leftaideof the foKLow5nueuudion @ the downwashconditionsto be
discusswisubsequen~ .xre-slmwnon the rightof the equa;io~:

(1.o?m+o.16136i)w+(-U%7SJ+ooc%ew).~+ (0.mm+O.mm)am+ (-o.14%5+ o.cwmi)% +(~.mw + O.olh@i)% +

(-oJ&t@ + o.cq-16i)~ + (4.*9 + o.olemi)~ + (4.02325+o.m5w~ + (J3.CU59+ o.-)% - -(0.03- O.m=vi)zx

(1.- +m2335i)& + (0.27977+O.wwbo + (0.6C9X3-0.W2%)”+ (+.=9$+o.@’3~)%+ (~.m + O.-i)w +

(Jm3w +O.cwai)%+ (4.lti17+o@’T!J31)%+(-JJ.Qm9+O.wai)w+(~.mw+O.aw+i)%=-(0.%+W*

(1.*59 - o.323f5i)~+ (Otw% + o.oma)~ +

(-o.COw+ o.ou’i-ri)~+(+mzm+ o.cw.3i)~+

[O.*2 + o.llo76i)&+ (0.01.4%+o.WTW~o+

(O.= +o.m3s7i)~+ (o.@lm-o.cu71.5i)~+

(lJUI.4-oicusfW)~+ (O,= +o.cW4i)8m+
(o.41b33- o.wfl.i)~ + (0.eme - o,09wi~ +

(1.@Ml - o.@4i)~ + (o,%%~ + o.an25i)~ +

(O,ati - o.Cw31)~ + (O.* - o.mwi)~ +

(OIXW - O.lMli)~ + (-9.A5?k+ 00@W2i)aw + (4.UM1 + 0.03*i)~ +

(-o.- + o,olwi)qi + (JwJ1473+ o.C@.!M)a&- -(0029+ O.oaqyi)a

(o$@ + o.cd%)~ + (0.Y139+ O.CKW)W + (0.m’f+ o.c=mi)~+
(oJaa’3 + o!omei)~+ (0.17638+o.0m15i)~ - -(0.025-o.~i)a

(o,hn@ - om3410i)~ + (1.Ag - 0J30M)W + (0.37s22- oAm132i)a~+

(0.=W3 - MWW54 + (o.* -U29rf0.* = -(0.025+ W)a

(o.2f# - o.@35i)~ + (1.42203- o.ml@i~ + (o.@m - o.ow5i)aE +

(OA4A4 -o.Cw9i)~ + (0.1W3 - o.C6C@i)~ - -(0.CQ5+ O.wmi)ti

(1.0W9 + 0J5?721)M + (4.C3!3Y3+ o.@T73i)~ + (0.x?ol+ O.man)b + (0.2%%-+ O.C%MI)% + (~.mw + Cm-5790>+
(

(O.- + o.o@i)P&+(-o.d.&L+o.mai)~+ (-o.C&59+ o.Cww7i)~ + (-o.m%A+ omww~ - -(0.CQ3- o.Cw?75i)i”

(1.lm + o.q5i)~+(o.~+o.w)~o+(0.fig-o.wmu)~+(o.@ -o.mva)~+(O.-+o.w)~ +
I (o.u@-o,aeT9i)~+(4.* +O.a?a)%+(+.@=+o.u3i)yk+(4.@m+,o.wi)~--(O.%+Oi)w

(1.LWE72 - owasi)~ + (0.%-%9 + o.CQlE7i)~+ (0.m% - o.omxi)~ + (o.31639- o.owzll)~ + (0.1.we+ o.Cu3mau +

(o.q%13- o.o@172i)~+ (-O.U* + o.Cwfi)~ + (-!LM33+ o.m503i)~ + (-O.WWO+ o.wcei)~ - -(o.@+ O.oCenl)ti

—

(w

(>)‘!5bmmdary conditions w at the various cmrh-d pOlntB are detemdrd from the motion of R

the W-J& For the &sent case,oscillationsaboutthe roid&ordlineof a notieformdmg
considered.

, % ,

whg are #
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Sincef(x,y)=a(x - a) and,accordingto equation(3a),

+,Y) = v af$)y)+ ~:,Y)

then

w(x,y)= -[Va+-&(x- ajJ

andforharmonicmotion

It iS
40/a
tions

W(x,y)=
Vu -E 1l+ik(x -a)

45

(A9j

convenienttodividethesimultaneousequationsby thefactor
whichappesrsinequation(30b).Therefore,thedownwashcondi-
forrotationaboutmidchoti(a= O)are

‘m. ‘m= ‘= =-(0 Oa -0 oo275i)a
Va

. .
Va Va

w-= “(X5,Y5). ‘(X8%) . -(002’j+ Oi)a
.

Va

1

(Ale)

‘(~Yy3)= ‘~:y6) ‘~~y9J . .(00,5+ O 00ZIW)~

Va = Va
.

Va
.

wherexi W Yi arethecoordinatesofthecontrolpoints.

(6)By theuseoftheboundaryconditionw/Va,thesetof simul-
taneous”eq-i.ations(eqs.(A8))maybe solvedfor-
consideredthevaluesofthe a_. are

lull

acn‘
ho .

a20=

ao2=

au ‘
92.
a& =

y4 .

%24=

-0.150858+ o.033438i
0.oWj628-0 .129162i
-0.000862- 0.oo8337i

-0.034965+ o.oo7107i

0.057334- 0.031615i

0.014221- 0.O@@22i
-0.025231+ O.~3850i
0.058109-0 .006198i
o.045@9- 0.oo7729i

%tlin”Fortheexample

(All)

-.._...—_ ____ .._—. ..__ —— —._._ —. —— ———— ————



,

(7)~ese coefficiatsmaybeusedinequations(5)todetermine
thepressuredistribtiionand,intm, to obtainsectimforces,total
forces,andsoforth.Thetotalliftandmanent,forexample,sre .

givenby eqyations(8)and(9)andfor-thesamplecaseare

NCL> = 2.632

14%4,=1.5$4’

$
Ii,a

= 194.43°
\ (A12)

.
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APPENDIXB

TREAZMEN’IOFCERIAINIWDKWJS WHICHCONTAINs3NxmmnEs

~ thetreatientofthechordwiseintegrationh thesmface-
loadtigmethod,certainintegralsarisewhichcontainshgularities
(eqs.(16))andwhichmustbe givenspecialtreatient.~ thedeter-
minationofthecoefficients~ appearingintheseequations,itis
necesssryto evaluateintegralsoftheform

(In)

where f~(~) isthenthtypicalchordwisepressuremodeh the
~eriesexpressionforthecontinuouspressuredistributionand
~E=~~,k(xg-~)] isthetwo-dimensionalkernelfunction.tithis ‘

equation,thekernelfunctionbecomesinftiiteat ~ = Xg sothatthe
in%efgsndissingular.Ihthefolladmgsections,themethodsof eval-
uatingtheIntegralsandtaldngcsreofthesingularitiesarediscussed.
Firstthecaseofsubsonicflowandthenthecaseof sonicflowis
discussed.

Caseof SubsonicFlow

lRmthecaseof subsonicflow,theintegralsoccurringinequa-
tions(16a)and(16b)are

r Qstiez de10=oc0t2 E% (E2a)

JII ,

In = g~de (n=1, 2, . . .)(Mb)stinestie~
o

Sincethekernelintheintegrsmdsof Io and I& becomessimgulsr
at k = Xg,itisnecessaryto sepsratethekerneltitosingularand

..— ..._. ._ ____ -..—. —— ~. — —— .—. .
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nonshgularTats. Thesingularpartcanbe tite~atedinclosed
sllalyticfOrm. Thenotiingulsrpartcanbehandledroukinelysad
accuratelybynmmricalmeans.Theseparationofthesingulari~has .
beenaccomplishedby Schwarz(ref.m) inthefoll.o@ngmanner:

ii(MjZ)=
[ l]‘;F(M)+ @)108e ZI+ ~(Mjz)

where

Z = k(Xg-~)

Thesingularities
nonsinguhrpart

appearonlyinthe
has beentabulated

*uttigthisexpressiontito
\
aftersetting~ . -COS e

theintegral

(B3)

quantityinbrackets,andtlqe
by Schwarz(ref.%). Substi-
ofequation(B2a)gives

and Xg ‘ -Cos90)

f Tcot ~ Sti O ii(M,Z)de= ~ (1+ Cose)KJM,z)de+
o 2

f [
(I + cos e)‘+ II+iG(M)lo&Z de (B4)

o

Thefirsttitegralontheright-handsideof eqyztion(W) mustbe
eveluatednumerically.Thesecondintegralmaybe foundanalytically
andhasthefollowingvalue:

1’I’( [
(1 + cos e)‘+

1

+iG(M)lo~IZIde = ~ F(M)+ iG(M)[w 10~ 2-
0

ina

fic0t3eo+fi

The treatmentofthetite~aJof equation(B2b)
similsrmannertoyield

110& k (B5)

fern= 1 proceeds

..

.

-.

———_ —____ ______ ___ ._. ____ ____
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J3-C

J
31

sin2Q=(M,Z)d6= Sti% K1(M,Z)de-~ F(M)COSe.+
o 0

(~G(M)-loge2 +
2

Correspondingly,for n = 2,

JII
sin 2e sti e @4,z)de=T sti 2e sti e

o 0

(cos Se.~ G(M) s -

)$ Cos2eo + logek (1%)

iil (M,Z)d(3-: F(M)cos2eo-I-

)
cose. (B7)

Caseof SonicFlow

thesg?iesexpressionforForthecaseof sonicflow,theformof
thechord.wiseloadingandalsotheformofthekernelfunctiond~er
fromthoseofthemibsoniccase.

For M = 1,thesetof eqyationstobe solvedforthechordwise
loads ~n isgivenby equations(34)and (35).lhequation(35),
integralsofthefollo~ formappear:

(n= 0,1,2...) (I@)

At M =’1,thetwo+lbnensionalkernelfunctionappesringinhese
equationsisgivenby equation(R23) ofreference24andmaybewritten
as

where

. ..— ——. .-. _______ ,-. . .- —__ ..—. ————————— __ _. . _. __
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‘where c@) ~ s(~) ~efiesnel~.egrdsdtitidby

Ja
C(a)= Cos: t%

o

As h thecaseof subsonicflow,thekernelfunctioncanbe sepa-
ratedintosingularandnonsingularparts.Forthispurpose,equa-
tion(B9)mayberewrittenas

where

(Blo)

(ml)

so that

TheintegralIn (eq.(B8)) canthenberewrittenas
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Thefirstintegralontherightof equation(B13)isnonsingulsr
andcanbe evaluatednumerically.Thesecondtitegralcontainsa
sillgulari~

For n
foundtobe

andcanbe integrat~analytically.-

= O,thesecondWtegralontherightof equation(B13)!is

where

Correspondingly,

.

For n = 2,

d~

d(l+E)(xg-E)=M
(B14)~

for n = 1,theintegralbecomes

c
f

g=

-’ w
“ “(R+l):

thereisobtained

r

3/2
‘~.d~ =C(Xg+l)2~

C-’v

(In6)

(B17)

.- .— .—— .— —.— ._ _—___ __
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APPENDIXc

C!AICUWLTONOFMOMENTONDELTAWING

Asmention~h thetext,theexpressionforthemomat dependson
theptiicularplanform.As an Ucation ofthegeneralmethod,the
specificcaseofmomenton a 45°deltawingisgiveninthisappendix.
Themomentiscalculatedabouta line ~ = a asshowninthefollowing
sketch:

i
v

1 L

I--7 ~=
b. 4

4 E =a .

t

b.

i

1
E.

Theexpressionforthemomentasgivenby egpaticm(~) maybe
writtenas

Wheneqtition
anarbitr~ point
able G is

Ma =
Jq%, a = (E-
s

(4)isused(fora 45°
(%~)fromtheline ~

a)@ d~dq (cl)

delti wing)thedistanceof
= a intermsofthevari-
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E-a=s~t~A-(~-~%~A)cos9-a~]

SubstitutingAp (fromeq.(5a))andequation(C2)intoequa-
tion(Cl)and.notingthat

(

b
d~=s~~

)
**A stie de s sb(~)stie de

resultsinthefo~owing:

%= 8S~oPV%~1’ #~~ot $0 .+aW~2 + a~~k)+

( ), ( y[$
‘sine ~0 + ~q2 + ~4q4 + sti2ea20+ az~2 + a24q4 tanA -

(

b.
) 1b.-- #*fj~Ose-aTs~edeq

s (C3)

Xnthisexample,threechordtiseandthreespanwisetermshavebeen
retainedinthe6eriesforthelosd@ 4.

Performtngtheindicatedintegrationinequation(C3)resultsinthe
followbgequationforthemomentona 45°delta”* bymakinguseof

)
thefactthat tanA=2b#: (

53

(C2)

Ma=

——. .—
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APPENDIXD

DESCRPI’IONOFA MULTEPLE-LIIEMETHOD

Sincea kift~-lfiemethtiofhmdltngthetitegralequation
(eq.(1))mayoftenbe simplerthana lifting-surfaceprocedme,itwas
consideredtiteresthgto investigatesucha methodsndto compare
resultswiththoseobtainedby thesurfaceapproach.lhepurposeof
thisappendixistopresenta lifting-ltiemethodbasedona steady-
stateproceduredevelupedby Schlichttigand~er-t (ref.26)andto
givesomeresultsobtatiedby it.

DescriptionoftheMethal

lhtheSchlichtingprocedureforsteadyflowtheliftingsurfaceis
dividedinto n spanwisestripsof chord c‘ = c/n,where c isthe
totalchord. A liftingltieisplacedat thel/h-chordposition(c‘/4)
of eachstripandthedownwashissatisfiedatcontrolpointsonthe
3/4-chordpositionofeachstrip.Thisl/4-chorclaud3/k-chordlocation, .
respectively,ofthelhes smdcontrolpotitsisan essentialelementof
theprocedure.Itisa knownfactthatfora two-dimensionalflatplate
insteadyincompressibleflowtheexactvalueoftheliftcanbe obtained .
byplacinga singleliftinglineatthel/4-chordpositionandsatisfying
tiedownwashat-the3/4-chordposition.Schl.ichtingandKhhlertmadeuse
ofthisfactindevelopinga procedmeforfinitesweptwhgs.

InsdaptingSchlichting’smethodto theoscillatorycasethessme
placementofl.Mtingltiesandcontrolpointshasbeenusedandis shown
inthefollowingsh.tch,where,forexsmple,the~ hasbeendivided
intotwospanwisestiips:

a!o=

I
O*=-

2
I

I
Q= II
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.

‘Ihthisexampletwoliftinglines 21 ad 22 areconsidered
thatUe, respectively,at 1/8and5/8ofthetotalchord.TWQcontrol
pointsareshown,by xl at3~8cand x2 at~/8c. k thesketch@ is
anangulsrspauwisecoordinaterelatedto a nondimensionalvariableq
(referredtothesemispsn)by ~ = -COS@.

latheoriginalformoftheintegralequationgivenby equation(1),
thecontinuouspressuredistribution4 isreplacedby thesumof
loadingsonthewitia~ lines.Itisassumedthattheloadingonthe
line 2n canberepresentedby a seriesoftheform

(~=p#safi sinQ+an3sin~+an5 sinv+...
)

(Dl)

whichcontainsonlyonevariable,thespanwisecoordinateo. Sincea
sepsrateloadingfunctionofthisformiswrittenforeachliftingline,
thedoubleinte~ationof equation(1)isreducedto a sumof single
integrals.me integralequationthenappearsas

1W(x,y)_
v spa ‘% +++,k(y-,]d,ZJ&CqS2 n

(D2)

where xv isthechordwisecotiinateofthenthliftingline,andwhere
~,thenondimensionalformofthekernelfunctiondefinedby equation(29),
hasbeenemployed.

When Ah inequation
equation(Dl),theintegyal
integralsmultipliedby the
follows:

where

(D2)isreplacedby
equationisreduced
coefficients~,

.

theseriesexpressionin
to a smnnationofdefinite
~, andsoforth,as

L

an3J ( )
1

sin30~ M,~, kyodq-I-. . .
~1 -

‘o =x- + Yo ‘Y-q

(D3)

—. .. ————.— ——.. ——. _
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.
Thisequationsw thedownwashata particularcontrolpetitdue

toallthel~tlnglinesand.thevarioustypesof load@, sinUI,
sin3UI,andsoforth,oneachljne. Thespecificproblemisthedeter- -
ndnationofthecoefficientsam, ad, andsoforth.lhorderto

obtainthecoefficientsa, equation(D3)mustbewrittenforeachofa
nunbm of controlpoints.Thisleadsto a setof simultmeousequations
whichcanbe solvedforthevaluesof a. At eachcontrolpointthe

W(x,y)
function ~ isdetermhedfromthe

manneras inthesurface-loadingmethcii.

Oncethevaluesofthecoefficients
beenfound,theycanbe usedb equation

motionofthewinginthesame

-Y %3> @ soforth)~ve
(Dl)todeftiethepressure

distributiononsmyliftingltiesmdh turnto givevariousforceor
momentcoefficients. As an exsmple,thetotalliftona rectangular
wingcanbe obtainedfromtherelation

(D4) .

where ~ istheliftonthenthlift- line.Thetqtalpitching
momentaboutansxis x = a fora rectmgularwingisgivenby

~=%

qsb

1 xnh-a=—
x( )qSnb (m)

where Xn isthechordwisecoordinateofthenthliftingline.

The’mdn computationalp$oblemb theprocedureistheevaluation
ofthespsmzlsetitegralsof equation(D3),andthehandlingofthese
integralsisdiscussedh thenextsection.

EvaluationoftheSpsmwiseIiltegrals

Thespanwise
icallyand,since
necessarytomake

inte~tionsinequation(D3) arep~ormed numer-
thekernel
useofthe

functionhasnotbeentabulated,itis
seriesformofthekernelgivenby

.
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equations(31)and
kernelfunction~

(%) of reference
appearsas

24. Jnthisformthe

.

57

nondimensional

ik

d==v+K(W~o,Wo)= e-%[(=;:)+
$ [(v--#+P2--Y -p%g k2 2(1-M)-

p%og J+2+f12Y02
+=-=- (

ltif -

2

J.q‘% +Ok3 (l%)

wherealldistancesarereferraltothesemispans.

Forthetite~alsof equation(D3)whichrelateto liftinglines
behindthecontrolpoint (~< 0),thePr~.ctsoftheloading&es and
thekernelK asdefinedby equation(~) canbe evaluatedat a nmuber
ofvaluesof q andthenumericalinte~ationscanbe readilyperfomned.
Whenthelifthgltneliesahesdofthecontrolpoint(~ > 0), however,
thekernelbecomes
csrefullyheated.

Forthecase

imfinteat q = y, andthesingularitiesfit be

x. >0 with q = y, s~ities sriseintheterms

(m

Extractionofthesingulsrities.- me singularitiesofthetermsA
and B canbe
Stim, andso

extractedand,whencombinedwiththeloadingterms sinQ,
forth,areintegrableinclosedform.

-.—. --—.——.._ _ .—. —— —. --——— —.. .
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Forthispurpose,term A canberewrittenas

A= f==+;, ++

Yo

wheretheqyantityinbracketsisfinitefor

Therema~ termontherightof
andwi~ behandledanalytically.

MACA‘ITT3694

2-—
2

Yo
(w)

allvaluesof q ~ here

1+~._@_Y02 2x# (D9)

equation(D8)containsthesingulari~

Thesingularityofterm B canalsobe isolatedbywriting

(D1O)

wherethebracketedquanti~isfiniteforallvaluesof q andwherethe
remainingtermcanbehandledanalytically.

Specialformofthekernelforthe”case ~ >O.- me expressions
fortheterms A and B obtainedh eqmtions(D8)and(D1O)canbe
usedtodefinea specialformofthekernelfunctionforuseinthecase
X.> 0. Forthiscasethekernelcanbewrittenas

(D1.1)

.
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‘e ‘em ‘Pox’yo)
isnonsingulsrandisdefinedby

(lf(xox,yo)=~!l,ho,bo)+e-wo++
1“~’

( )where K M~k~%YYo istheformof thekernel

lhesecondtermontheright-handsideof
thesingularitiesandisdefinedby

deftiedby equation

59

1(D12)

:D8).

equation(Dll) contains

( )g’ xoX,yo = -e (-*& ,k2 )~log“02
Y02

(Du)

Theformofthekernelgivenby equation(Dll)isusedinevaluatingthe
inte~alsof equation(D3) for ~ >0.

Performanceofthespanwisetitegrations.- It isrecalledthatfor
thecase X.< 0,theintegralsof equation(D3) cm bereadilyevaluated
nurnericalJybymakinguseoftheformofthekernelgivenby equation(D8).
Forthecase ~ >0, theintegralsof equation(3)csmbehsadledby
usbg thespecialformofthekerneldefinedby equation(D1l.). Withthis
expression,a typicaltitegralofequation(D3)for ~ > 0 canbe written
as

J’1 ( )SiIl II&I~’Xo+”odq
-1

(D14)

.-— —-----—— —. —— -.. .-
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( )wherethefunctions~ ~~jYo ( )
and ~’ x~)Yo aredeftied,

respectively,by e~tio~ (D12)~ (DU)●’ me f~st ~tegral‘nfie
rightof equation(Dlk) canbereadilyevaluatednaerically.Thesec-
ondtitegral.containsthesingularitiesandmustbe evaluatedanalyti~

Itsvalueshavebeendeterminedfortwopressuemodes,

:=”= -2 a ‘h 3“ = @~2 - ‘)= “‘e

L

k2Jmky + l)lody + 1) - (Y - @dY - ~) 1-2+

}:f u=’ - J’).:gYo2 ., A-1

—

~ J=7(&-] [(Y+ l)M(Y + 1) - (Y - 1)1OI3(Y- 1)-q+

$~[$=f(-hp-1) -Ji7(k@-q.ogY02d,
}

where

Go = cos-ly

(D15)

(D16)

Forthespecialcaseofa controlpointat y = O - ~ >0, equa-
tion(D15)becomes

— —.—— .— - _———
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andeqpation(D16)becmes

61

.

Forthecaseof y ~ O and
of equations(D15)and(D16)

~ >0, theintegralsrema~g ontheright
aref~te andcanbe evaluatednumerically.

Oncetheintegralsofequation(D3) havebeenevaluskd,the
simultaneousequationsintermsoftheunknowncoefficients~, %3,
andsoforth,canbeformedandsolvedinthemannerhdicatedearlier.
~ thenextsectionapplicationorthemultiple-linemethodismadesmd
resultsarecomparedwiththoseM thesurface-loadingmethod.

ApplicationofMethodandDiscussionofResults

Themultiple-ltiemethodjustdiscussedhasbeenappiidtothe
samerectmgularwingwitiaspectratioof2 whichwastreatedby the
surface-loadingmethcii.Calculationshavebeenmadeforseveralvalues
ofthereduced-frequencyparsmeterk at M = O forthewingoscillating
inpitchaboutitsmidchord.Twosetsof calculationsweremade,one
usingtwoliftihglinesandtwocontrolpotitsandthesecondus~ fom
liftinglinesandeightcontiolpoints.W thetwosetsof calculations,
thecontrolpointswerelocatedchordwiseh accordancewiththe3/k-chord
conceptdiscussedpreviously.Withregardto spanwiselocation,h the
firstsetofcalculations,thetwocontrolpointswereplacedatthe
centerofthewing;inthesecondsetofcal.culfitions,fourcontiolpoints
wereatthecenterofthewingsmdfourat 0.866semispan.Resultsofthe
calculationssxeshowninfigure6 astheliftandmomentcoefficientsand
theirassociatedphaseanglesplottedagainstk. Theresultsofthe
surface-loadingmethodsmeincludedforcomparison.

Forthecalculationsoftheliftbasedontwoltiesandtwocontrol
points,
onlyat
results
loading
setsof

theliftmagnitudeagreeswellwiththesurface-loadingresults
thelowerfrequencies.Ibrthefow-ltie,eight-petitsolution,
forthemagnitudeareapproachingtheresultsofthesmface-
metlmd.Liftphaseanglesareh fairlygod a~ement forall
calculations.

Withre~ tothema~itudeW phaseangleofthemoment,results
ofthelineapproachwithfourlinesandeightcontrolpointsareinfably
goodagreementwiththoseofthesurface-loadingmethod.Thereis signif-
icsmtimprovaentovertheresultsofthetwo-line,two-controlpoint
calculations.

b general,itappearsthatinorderto obtainaccurateresultswith
themultiple-ltieapproach,a fairlyl.srgentier oflifting13nesand
controlpointsmustbe used.

— -—-—.-—— ———— —. —. —-
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